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The dimensions of intrinsically disordered and unfolded proteins critically depend on the solution
conditions, such as temperature, pH, ionic strength, and osmolyte or denarurant concentration. How-
ever, a quantitative understanding of how the complex combination of chain-chain and chain-solvent
interactions is affected by the solvent is still missing. Here, we take a step towards this goal by inves-
tigating the combined effect of pH and denaturants on the dimensions of an unfolded protein. We use
single-molecule fluorescence spectroscopy to extract the dimensions of unfolded cold shock protein
(CspTm) in mixtures of the denaturants urea and guanidinium chloride (GdmCl) at neutral and acidic
pH. Surprisingly, even though a change in pH from 7 to 2.9 increases the net charge of CspTm from
−3.8 to +10.2, the radius of gyration of the chain is very similar under both conditions, indicating
that protonation of acidic side chains at low pH results in additional hydrophobic interactions. We
use a simple shared binding site model that describes the joint effect of urea and GdmCl, together
with polyampholyte theory and an ion cloud model that includes the chemical free energy of coun-
terion interactions and side chain protonation, to quantify this effect. © 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4820490]
INTRODUCTION
Understanding protein folding1, 2 and the functional prop-
erties of intrinsically disordered proteins (IDPs)3–5 requires
detailed knowledge of the forces that act in unstructured
polypeptide chains. These forces determine the dimensions
of unfolded and disordered proteins and have been suggested
to impact processes such as the coupled binding and folding
of IDPs,5 or the rate of protein folding reactions.6–8 However,
the dimensions of unfolded proteins and IDPs also depend
critically on solution conditions such as ionic strength,4, 9
temperature,10 osmolytes,11 or denaturants,2, 12–14 implying
that the complex interplay between chain-chain and chain-
solvent interactions has to be unraveled before quantitative
predictions of the size of unstructured polypeptide chains and
their effect on folding or binding will be possible.
In contrast to protein folding, the compaction or expan-
sion of unfolded proteins with a change in solvent conditions
does not occur in an all-or-none manner, but is a continu-
ous process reminiscent to the coil-to-globule transition in
homopolymers.15 In the past, the continuous collapse of poly-
mers has been successfully treated by mean-field theories16–19
that relate the free energy of the chain to its density. Since
the first theoretical description of homopolymer collapse by
Flory,16 coil-to-globule theories have been developed that de-
scribe the expanded coil in good solvent as well as the com-
pact globule in poor solvent.18–21 Experimentally, the obser-
vation of unfolded proteins over a broad range of solvent con-
ditions by means of single-molecule Förster resonance energy
transfer (FRET) allowed the quantitative application of these
a)Authors to whom correspondence should be addressed. Electronic
addresses: h.hofmann@bioc.uzh.ch and schuler@bioc.uzh.ch.
theories to unfolded proteins.4, 12–14 However, a prerequisite
for their application is knowledge of the -state, which serves
as a reference state for the coil-to-globule transition. At the -
point, chain-chain and chain-solvent interactions balance, and
the chain obeys the length scaling of an ideal chain. Based on
the length scaling of unfolded proteins obtained from small-
angle X-ray scattering (SAXS),22 and the length scaling of
folded globular proteins,14, 23 we recently obtained an ap-
proximate expression for the radius of gyration of unfolded
proteins at the -point,14 which allows the calculation of
mean-field interaction free energies between the amino acids
in unfolded proteins.14 Although we found a close correspon-
dence of these mean-field free energies with the free energy
of solvation of the individual amino acids,14, 24 the description
of unfolded proteins by one mean-field interaction parameter
remains incomplete. Proteins are heteropolymers of complex
composition, consisting of 20 different types of amino acids.
Averaging over all possible types of interactions by extracting
one mean-field interaction as done in the past14, 25 is a crucial
first step for understanding the behavior of polypeptide chains
but will not be able to provide structural details.
In the past, heteropolymer theories based on replica
approaches,26 the random energy approximation (REM) in
spin-glass theory,27 and Flory-Huggins theory of mixing28, 29
have been developed. However, different from the theories
of homopolymer collapse, the corresponding heteropolymer
theories obviously require more parameters to account for
the chemical variability of the monomers in the chain, which
complicates their application to experimental data. Here, we
take an experimental route to overcome these limitations
by using single-molecule FRET to determine the dimen-
sions of unfolded cold shock protein (CspTm) over a wide
range of conditions, in mixtures of two denaturants, urea and
0021-9606/2013/139(12)/121930/12/$30.00 © 2013 AIP Publishing LLC139, 121930-1
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
130.60.168.5 On: Wed, 05 Feb 2014 15:29:50
121930-2 Hofmann, Nettels, and Schuler J. Chem. Phys. 139, 121930 (2013)
FIG. 1. (a) Net charge of unfolded CspTm as a function of pH calculated from the pK-values of the free amino acids. (b)–(e) Single-molecule fluorescence
spectroscopy measurements for CspTm (Csp 66) and Polyproline 20 (Pro20) at pH 7 (blue) and pH 2.9 (red). (b) Single-molecule FRET efficiency histograms
of CspTm at different concentrations of urea. Solid lines are fits to a sum of two log-normal and one Gaussian distribution used to determine the mean transfer
efficiency, 〈E〉, of the peaks at intermediate transfer efficiencies, which correspond to the unfolded state. (c) Single-molecule FRET efficiency histograms for
Polyproline 20 at pH 7 and pH 2.9 (in both cases 〈E〉 = 0.61 for E > 0.2) show that the quantum efficiencies of the fluorophores and thus the FRET process
itself are not affected significantly by the change in pH. (d) and (e) Subpopulation-specific time-correlated single photon counting (TCSPC) histograms of donor
(left) and acceptor (right) fluorophores for unfolded CspTm at 5.5 M urea at pH 7 (d) and pH 2.9 (e). Only photons arising from unfolded molecules were used
for the analysis. The solid line is a single exponential tail fit of the decay resulting in a donor fluorescence lifetime of 3.3 ± 0.1 ns at pH 7 and 3.21 ± 0.01 ns
at pH 2.9. The fluorescence lifetimes of the acceptor after donor excitation are found to be 4.29 ± 0.05 ns at pH 7 and 4.30 ± 0.01 ns at pH 2.9. Inset:
Subpopulation-specific donor fluorescence anisotropy histograms of unfolded CspTm, resulting in mean anisotropies of 0.040 ± 0.002 at pH 7 and 0.07 ± 0.02
at pH 2.9. Solid lines are fits to a Gaussian distribution.
guanidinium chloride (GdmCl), at two different pH-values
(Fig. 1(a)); 258 different conditions in total. This extensive
data set allowed us to use polyelectrolyte theory in combina-
tion with an empirical denaturant binding model to separate
long-range interactions resulting from the electrostatics from
short-ranged intra-chain interactions. In contrast to the chemi-
cal heterogeneity of proteins, the effect of charges on the size
of polymers can be treated in a self-consistent manner,30–33
i.e., without additional parameters, and thus serves as a start-
ing point for a more elaborate experimental investigation of
the subtle balance of forces that determine the size of un-
folded proteins and charged IDPs.34
RESULTS
To probe the dimensions of unfolded CspTm, we attached
AlexaFluor 488 as a donor and AlexaFluor 594 as an acceptor
fluorophore at the termini of the CspTm-variant Csp66 (for
the sequence of the construct, see Ref. 14). Freely diffusing
molecules were investigated with confocal single-molecule
FRET to obtain transfer efficiency histograms (Fig. 1(b)) at
different concentrations of urea, GdmCl, and at two different
pH-values (pH 7 and pH 2.9). Up to three peaks are observed
in the transfer efficiency histograms: The peak at very high
transfer efficiency (E) results from folded molecules, and the
peak at E ≈ 0 results from molecules lacking an active ac-
ceptor dye (Fig. 1(b)). We focus on the peak at intermediate
transfer efficiencies, which results from unfolded molecules
(Fig. 1(b)). The advantage of single-molecule FRET to dis-
criminate between folded and unfolded molecules allows us
to observe unfolded molecules even at low concentrations
of denaturant, where folded molecules dominate the popu-
lation (Fig. 1(b)). With increasing concentration of denatu-
rant, the transfer efficiency distribution of unfolded CspTm
molecules continuously shifts to lower transfer efficiencies,
indicating an increase in the average inter-dye distance, and
thus an expansion of the molecules (Fig. 1(b)). This ef-
fect has been observed for a broad variety of proteins and
peptides2, 4, 8, 9, 12–14, 35 and can be described as a continuous
expansion of the chain on transfer to good solvent.25 The in-
teresting question here is how mixtures of denaturants36 and
drastic changes in pH will affect the dimensions of the un-
folded state. Importantly, using polyproline 20 as a control,
we confirmed that the relative quantum yields of the attached
fluorophores are not altered at low pH (Fig. 1(c)). In addition,
we found the fluorescence lifetimes of donor and acceptor
fluorophores unaltered by the pH when attached to CspTm
(Figs. 1(d) and 1(e)), indicating that a change of the proto-
nation state of unfolded CspTm has no effect on the pho-
tophysical porperties of the dyes. Finally, the steady-state
anisotropies of the donor attached to CspTm are similarly low
at both pH-values, indicating that the rotational averaging of
the fluorophore is fast compared to its fluorescence lifetime,
thus allowing a quantitative analysis of the determined trans-
fer efficienies without explicitly taking into account the ori-
entational distribution of donor and acceptor transition dipole
moments.37
Calculation of radii of gyration from mean transfer
efficiencies
In order to quantitatify the dimensions of unfolded
CspTm, we determined the mean transfer efficiency 〈E〉 of
the unfolded subpopulation from the transfer efficiency his-
tograms (Fig. 1(a)). Since the average interphoton time during
the observation time from a single unfolded CspTm molecule
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diffusing through the confocal spot is ∼10 μs, and the inter-
dye distance dynamics are in the 100 ns regime,6 the value
of 〈E〉 obtained from transfer efficiency histograms results
from a complete averaging of the distance distribution of un-
folded CspTm. In order to extract average distances from 〈E〉,
we model the distance distribution of unfolded CspTm us-
ing the coil-to-globule theory of Sanchez.18 The advantage
of this theory is its ability to describe the dimensions of a
chain under all solvent conditions by explicitly taking ef-
fects such as excluded volume, intrachain interactions, and
multibody interactions into account.12, 13, 18 The theory pro-
vides an expression for the probability density function of
the radius of gyration rG as a Boltzmann-weighted Flory-Fisk
distribution:13, 14, 18, 28
P (rG, ε, RG) = Q−1r6G exp
{
− 7r
2
G
2R2G
+n
[
1
2
εφ − 1 − φ
φ
ln(1 − φ)
]}
. (1)
Here, n = N + 1 is the number of monomers in the chain, N
is the number of peptide bonds, ε is the mean-field interaction
energy between two monomers in the chain, φ = (RC/rG)3
is the volume fraction of the chain with respect to the most
compact state RC = [(3/4π )vaan]1/3, with the average vol-
ume of one amino acid being vaa = 0.13 nm3, as shown in
Ref. 14; Q is a normalization constant. The mean-field in-
teraction energy ε determines the dimensions of the chain.
A realistic value for the radius of gyration of the chain at
the -state has recently been estimated using a generalized
expression for the length-scaling of polymers suggested by
Hammouda:38
RG =
√
2lpb
(2ν + 1)(2ν + 2)N
ν
bonds . (2)
In Eq. (2), b = 0.38 nm is the distance between two Cα-atoms,
ν = 12 , lp = 0.4 nm is the persistence length of unfolded
proteins in good solvent obtained from SAXS-results,14, 22
and Nbonds = N + 9 takes into account the length of the
fluorophore linker.14, 39 In order to relate the distribution of
radii of gyration P(rG, ε, RG) to a distance distribution
P(r, ε, RG), which is required to describe the mean trans-
fer efficiencies 〈E〉, we used the conditional probability func-
tion P(r|rG),13 which relates distance distribution of two ran-
dom points inside a sphere with the radius of the sphere
δ · rG:
P (r|rG) = 1
δ · rG
[
3
(
r
δ · rG
)2
− 9
4
(
r
δ · rG
)3
+ 3
16
(
r
δ · rG
)5 ]
0 ≤ r< 2δ · rG. (3)
Here, δ = √5 was obtained from the condition that
6〈R2G〉 = 〈r2〉 at the -state. The mean transfer efficiency is
finally given by
〈E〉=
∫ L
0
E(r)P (r, ε, RG)
=
∫ L
0
R60
R60 + r6
∫ L/2
RC
P (r|rG)P (rG, ε, RG)drGdr, (4)
with the Förster distance of the two fluorophores,
R0 = 5.4 nm2, and the mean radius of gyration,
RG =
√∫ L/2
RC
r2GP (rG, ε, RG)drG. (5)
In Eq. (4), the integration limits for the radius of gyration are
given by the radius of gyration of the most compact state (RC)
and the maximal possible radius of gyration, which is given
by half the contour length (L/2). The mean radii of gyration
obtained from the measured transfer efficiencies by Eq. (1)–
(5) are accurate within an uncertainty of 6% for chains in good
solvent,14 i.e., for conditions at which RG ≥ RG. The situa-
tion is different for chains in poor solvent (RG < RG). Al-
though RG will still increase with N1/3 for a globule in poor
solvent, the end-to-end distance 〈r2〉1/2will not obey a scal-
ing law with the number of bonds.23, 40 Correspondingly, the
measured transfer efficiency will not be a good measure for
the chain size. However, under almost all of our experimen-
tal conditions, we found RG ≥ RG, implying that unfolded
CspTm is always at or above the -state.
Denaturant binding in mixed denaturants
We calculated the radii of gyration of unfolded CspTm
from the measured mean transfer efficiencies for a broad con-
centration range of mixtures of the two denaturants urea and
GdmCl (Figs. 2(a) and 2(b)). At neutral pH, where the net
charge of CspTm is −3.8, RG of unfolded CspTm increases
monotonicly with increasing concentrations of urea (cu) and
GdmCl (cg), indicating the presence of pronounced prefer-
ential interactions between denaturant and unfolded CspTm
(Fig. 2(a)).41 The precise type of interactions with which
denaturants interact with polypeptide chains is still under
debate,42–46 and an empirical binding model is commonly
used to describe their effect on the free energy of solvation
(	gsol) of the chain47 via 	gsol = −m′iln (1 + Kici)/n, where
mi
′ corresponds to the effective number of binding sites for
denaturant molecules, and Ki is the apparent equilibrium con-
stant in denaturant i. We note, however, that the assumption
of defined binding sites for urea and GdmCl on polypeptide
chains is an approximation, since molecular dynamics (MD)
simulations have revealed a broad variety of interactions be-
tween polypeptide chains, denaturants and water46 that might
affect the dimensions of unfolded proteins. Correspondingly,
our approach of describing protein-denaturant interactions by
binding models is largely empirical and does not capture the
detailed physics that underlie the effect of urea and GdmCl
on polypeptide chains. However, the binding model is a use-
ful concept for describing the expansion of unfolded proteins
with increasing concentrations of urea and GdmCl based on
an increase in the free energy of solvation, |	gsol|, of the
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FIG. 2. Mean radii of gyration, RG, of unfolded CspTm in mixtures of urea (cu) and GdmCl (cg) at pH 7 (a) and pH 2.9 (b). Mean radii of gyration of unfolded
CspTm in pure urea (red), pure GdmCl (blue), and mixtures of both denaturants (white) at pH 7 (c) and pH 2.9 (d).
single amino acids, which diminishes the mean-field interac-
tion free energy of the chain.48
Starting with the simple Flory-Huggins treatment of
mixing, and only considering chain-chain (wpp) and chain-
denaturant (wpd ) interactions, the mean-field interaction free
energy is given by ε = −wpp + 2wpd = ε0 + 	gsol , thus
leading to
ε = ε0 − m
′
i
n
ln(1 + Kici), (6)
where ε0 is the mean-field interaction free energy between
two amino acids in water. Indeed, this model has been suc-
cessfully used to describe the expansion of unfolded protein
L with increasing concentrations of GdmCl.12 Additionally,
we showed recently for a variety of proteins that ε – ε0 corre-
lates with the free energy of transferring the chain from wa-
ter to GdmCl.14, 24 However, in mixtures of urea and GdmCl,
the situation is more complex because binding of urea might
compete with the binding of GdmCl. If we neglect such com-
petition to a first approximation, i.e., if we assume that urea
and GdmCl bind to different sites on the polypeptide chain,
the free energy of solvation in a mixture of urea and GdmCl
is the sum of the contributions from the two denaturant, i.e.,
	gsol = 	gu + 	gg. It is known that the free energy of sol-
vation in GdmCl is always larger than or equal to that in urea
(|	gg| ≥ |	gu|)24 for identical molar concentrations of the
two denaturants. Hence, according to Eq. (6), the mean in-
teraction free energies within the chain at a given GdmCl-
concentration, εg, are expected to be always less than those at
the same urea concentration, εu, with intermediate values for
mixtures of the denaturants, εug, i.e., εg ≤ εug ≤ εu. Since RG
decreases with increasing ε, it also follows that RG,u ≤ RG,ug
≤ RG,g. Indeed, at neutral pH, all RG values of unfolded
CspTm in mixtures of the denaturants range between the val-
ues observed in pure urea and pure GdmCl (Fig. 2(c)). Thus,
it is reasonable to approximate the mean-field interaction en-
ergies by εug = ε0 + 	gu + 	gg (Fig. 3(a)), with 	gu and
	gg resulting from global fits of the mean-field free energies
in pure urea and GdmCl with Eq. (6). The remaining differ-
ence is small on average (rmsd = 0.1 kT), but can be as high as
0.25 kT in mixtures of urea and GdmCl with high equimolar
concentrations of both denaturants, suggesting a more com-
plex binding model.
In a more realistic model, urea and GdmCl compete for
binding sites on the polypeptide chain. Assuming mu specific
binding sites for urea, mg specific binding sites for GdmCl,
and mug binding sites that can be occupied by both denatu-
rants, the free energy change upon solvation is given by 	gsol
= 	gu + 	gg + 	gug. From the fits of Eq. (6) to the data in
the pure denaturants, we obtain mu′ = mu + mug total bind-
ing sites for urea and mg′ = mg + mug total binding sites for
GdmCl. With these relations, we finally obtain for ε in mixed
denaturants
ε = ε0 − m
′
u − mug
n
ln(1 + Kucu) −
m′g − mug
n
× ln(1 + Kgcg) − mug
n
ln(1 + Kucu + Kgcg). (7)
Equation (7) contains only one free parameter: the number
of binding sites shared between urea and GdmCl (mug). All
other parameters are determined from the data in pure urea
and GdmCl, respectively. A fit with Eq. (7) yields a better
description of the data49 (rmsd = 0.044 kT), with a maximal
deviation of 0.1 kT (Fig. 3(c) and Table I). The results sug-
gest that 90 ± 21 binding sites are accessible to the denat-
urants. Of these, 19 ± 6 (21%) are specific for GdmCl, 27
± 20 (30%) are specific for urea, and 43 ± 2 (49%) are
shared between urea and GdmCl. The large uncertainty in
the number of urea binding sites mainly results from the low
affinity of urea for the polypeptide chain.50 Indeed, the bind-
ing constants obtained for the two denaturants (Ku = 0.16
± 0.07 M−1 and Kg = 0.58 ± 0.13 M−1) indicate that GdmCl
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FIG. 3. Mean-field interaction free energies, ε, in the unfolded state as a function of urea for different GdmCl concentrations at pH 7 (left) and pH 2.9 (right).
Solid lines are the best fits of the ε values at pH 7 (a) and pH 2.9 (b) with the independent site model for dentaurant binding. Fits with the shared binding site
model (Eq. (7)) for pH 7 (c) and pH 2.9 (d) provide a much better description of the data. The color indicates the concentration of GdmCl for the data and the
fit (see color bar).
interacts with unfolded CspTm with significantly higher affin-
ity than urea. These affinities are close to values obtained from
calorimetric measurements,51 Ku = 0.06 ± 0.01 M−1 and Kg
= 0.6 ± 0.01 M−1, supporting the validity of the analysis.
To investigate the effect of charges in the polypeptide
chain on the binding of denaturants to unfolded CspTm, we
increased the net charge of CspTm to +10.2 by lowering the
pH to 2.9. Importantly, the protonation states of the two denat-
urants remain largely unchanged at this low pH, e.g., urea is
only 0.3% protonated at pH 2.9,52 and the spectroscopic prop-
erties of the FRET dyes do not change significantly in this pH
range (Figs. 1(c)–1(e)). As observed at neutral pH, the RG at
pH 2.9 increases monotonically with increasing concentration
of urea and GdmCl (Fig. 2(b)), indicating a continuous expan-
sion of unfolded CspTm driven by interactions of the two de-
naturants with the polypeptide, with chain dimensions com-
parable to those obtained at pH 7. This result is surprising,
since recent experiments4, 9, 14 and Monte-Carlo simulations53
suggest that the dimensions of unfolded proteins increase with
increasing net charge of the chain; according to this effect, the
high net charge of unfolded CspTm at pH 2.9 should lead to
a pronounced expansion of the chain at low ionic strength.
Our results imply that a change in the protonation state of the
polypeptide by lowering the pH does not only increase the net
charge, but must also alter other properties of the polypep-
tide chain. Additionally, in contrast to pH 7, the condition
RG,u ≤ RG,ug ≤ RG,g is not met at pH 2.9 under all condi-
tions (Fig. 2(d)). Instead, the RG values above 4 M urea are
TABLE I. Binding parameters obtained from the fit of ε with the shared
binding site model (Eq. (7)).
pH ε0 (kT) mu mg mug Ku (M−1) Kg (M−1)
7 1.7 ± 0.1 27 ± 20 19 ± 6 43 ± 2 0.16 ± 0.07 0.58 ± 0.13
2.9 2.1 ± 0.1 − 17 ± 13 − 26 ± 7 94 ± 1 0.32 ± 0.12 0.64 ± 0.19
slightly smaller in the presence of 0.5 M GdmCl salt than in
its absence, an effect most likely originating from a screen-
ing of charge interactions in the polypeptide chain. Conse-
quently, the independent site model for denaturant binding
fails to describe the data at pH 2.9 (Fig. 3(b)). In contrast, the
shared binding site model (Eq. (7)) provides a good fit of the
data (Fig. 3(d)), however, with unphysical binding parameters
(Table I). For example, negative values for the number of urea
and GdmCl binding sites are obtained (mu = −17 ± 13, mg
= −26 ± 7), indicating that this model also fails to describe
the chain-denaturant interactions at pH 2.9.
In summary, the chain dimensions of unfolded CspTm at
low pH are difficult to reconcile with our current understand-
ing of how charges and denaturant binding affect the dimen-
sion of unfolded protein chains. To address this issue and de-
couple charge effects from other intra-chain interactions, we
proceed with a detailed investigation of the electrostatics of
unfolded CspTm.
Treating charge-charge interactions in unfolded
CspTm with polyampholyte theory
It has recently been shown that electrostatic interac-
tions can dominate the dimensions of highly charged un-
folded proteins and IDPs, especially at low ionic strength.4, 9
In accord with physical intuition, unfolded polypeptide
chains have been shown to expand with increasing net
charge.4, 14, 30, 31, 33, 53 Based on these results, an increase in net
charge, |Z|, of unfolded CspTm from 3.8 at pH 7 to 10.2 at
pH 2.9 would therefore be expected to lead to an expansion
of the chain, in contrast to our experimental observation. In
the past, the effect of charges on the dimensions of polymers
has often been treated as an additional contribution to the ef-
fective excluded volume of the chain, and several theories
have been developed based on this concept to describe the
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FIG. 4. The effect of pH on the RG of unfolded CspTm in GdmCl or urea. Comparison of RG of CspTm at pH 7 (blue) and pH 2.9 (red) in pure urea (a)
and GdmCl (b). (c) and (d) A fit of the data at pH 2.9 with polyampholyte theory (Eq. (A3)) (black line) describes the data well with ωb3 = −1.64 nm3,
γ g = 1.85, Kg = 0.14 M−1 for GdmCl (d) and ωb3 = −2.39 nm3, γ u = 3.03, Ku = 0.05 M−1 for urea (c). Predictions for RG at pH 2.9 in urea (c) and
GdmCl (d) are shown as calculated from polyampholyte theory with the excluded-volume term obtained from a fit of polyampholyte theory to the data at pH
7 (red line), and for the ion-cloud model including the chemical free energy of the electrical double layer and proton binding (solid blue line), and taking only
repulsive charge interaction into account (dashed green line).
behavior of polyelectrolytes and polyampholytes30, 31, 54 (all
of which are conceptually similar). In order to estimate the ef-
fect of charge interactions on the radius of gyration of CspTm,
we used the polyampholyte theory developed by Higgs and
Joanny,30 which includes repulsive electrostatic interactions
and a second-order correction to account for attractive elec-
trostatic interactions of charges with opposite sign. The the-
ory treats repulsive and attractive electrostatic interactions
in a self-consistent manner based on the probability of oc-
currence of positive (f = n+/Nbonds) and negative charges
(g = n−/Nbonds) in the chain. Polyampholyte theory can be
used to describe the data for both pH values investigated here,
but at pH 2.9 only with negative values for the excluded
volume (−1.64 nm3 in GdmCl, and −2.39 nm3 in urea)
(Figs. 4(c) and 4(d)), indicative of attractive intra-chain in-
teractions that counteract charge repulsion. To get an idea of
the magnitude of the effect of the excluded volume on RG, we
use the theory in a predictive manner by assuming that the dif-
ference between the RG values at pH 7 and pH 2.9 (Figs. 4(a)
and 4(b)) is caused solely by the difference in the protonation
states of the amino acids. Thus, we first compute the effective
excluded volume parameter of the chain (ω) for the data at
pH 7 from Eq. (A1) and (A2) (see the Appendix) and then use
these values of ω to predict the radii of gyration at pH 2.9. A
quantitative comparison of the RG values predicted for pH 2.9
with the experimentally obtained data at pH 2.9 reveals a pro-
nounced discrepancy (Figs. 4(c) and 4(d)), especially at low
ionic strength (Fig. 4(c)). However, at high concentrations of
GdmCl, where charge interactions are expected to be negligi-
ble, the prediction is close to the experimentally determined
radii of gyration, but at low concentrations of denaturant, the
deviation increases (Fig. 4(d)). In summary, polyampholyte
theory would predict a much more expanded chain at pH 2.9
than observed experimentally (Figs. 4(c) and 4(d)). The result
implies that either the treatment of the electrostatics of the
chain by polyampholyte theory is incomplete, or the predicted
electrostatic repulsions at pH 2.9 are indeed compensated by
additional attractive chain-chain interactions. In order to dis-
tinguish these two possibilities, we used an alternative treat-
ment of the electrostatic interactions that includes in more de-
tail the preferential enrichment of counterions in the volume
explored by the chain and changes in protonation states of the
polypeptide.
Treating charge-charge interactions in unfolded
CspTm with an ion-cloud model
Recent polymer theories include the effect of counterions
for polyelectrolytes in good55 or poor solvent,56 but do not
account for changes in the protonation state of the polypep-
tide chain. We thus adapted the model developed by Alonso,
Stigter and Dill,32, 33 which describes the unfolded protein as
a porous sphere in which protein residues and buffer solu-
tion are randomly mixed.33 In this simplified picture of the
chain as an ion cloud confined to the volume of gyration
of the chain, the electrostatic potential ψ completely
determines the electrostatic free energy for a given spatial
arrangement of the ion cloud, which is treated in terms of
Poisson-Boltzmann (PB) theory. Such models have been used
successfully to describe the titration of proteins57 or the be-
havior of polyelectrolytes.58 While this model does not take
into account the connectivity of the chain, it includes the pref-
erential enrichment of counter ions in the volume pervaded by
the chain, in contrast to the polyampholyte theory used above,
which includes charge screening only in terms of the Debye-
Hückel approximation.
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FIG. 5. The electrostatic potential ψ at pH 2.9 (a) and pH 7 (b) and the dependence of gel on the radius of gyration (rG) and its effect on P(rG) are depicted
(c). (a) and (b) The electrostatic potential ψ is shown as function of the distance r from the center of the sphere with radius rG for pH 2.9 (orange, (a)) and pH
7 (blue, (b)). The solution of the linearized PB equation (Debye-Hückel approximation) are shown at low (solid) and high (dashed) ionic strength. The solution
of the exact PB equation at low ionic strength is shown for comparison (black dashed line). (c) The electrostatic free energy gel as a function of rG (orange), as
obtained from the linearized PB equation (Debye-Hückel approximation) for CspTm at pH 2.9. The effect of gel on the probability density function of radii of
gyration (Eq. (1) and (9)) is illustrated for CspTm at pH 2.9 for a mean-field interaction energy of 1 kT resulting in the distribution function for the uncharged
chain (blue) and the charged chain (red).
In the ion-cloud model, the n residues of the chain oc-
cupy n lattice sites, each with the volume vaa and a radius
raa = (3vaa/4π )1/3. A sphere with radius rG and volume frac-
tion φ occupies nφ−1 lattices sites, n of which are occupied by
the protein residues, and the rest, n(1 – φ)−1, are filled with
salt solution. For a given arrangement of charges inside the
volume of this sphere, the electrostatic potential ψ determines
the electrostatic free energy (gel). Once the electrostatic po-
tential ψ is known, all other quantities such as the free energy
of electrostatic repulsion (grep), the chemical free energy due
to the preferential enrichment of counterions inside the vol-
ume of the chain (gchem), and the entropy of distributing the
protons to the ionizable groups (gα) can be computed.33, 59, 60
It should be noted that the ion-cloud model deviates from
other polyelectrolyte models by its explicit incorporation of
the chemical potential difference (gchem) resulting from the
preferential enrichment of counterions arround the potential
iso-surface defined by the volume average of the electrostatic
potential, 〈ψ〉. The free energy of the electrical double layer
resulting from protein charges and counterions is given by
the repulsive electrostatic contribution of the protein charges
(grep) and the chemical free energy of the counterion accumu-
lation (gchem). According to Alonso, Stigter and Dill,33, 59 the
total electrostatic free energy of the chain (gel) additionally
includes an entropic contribution resulting from the protona-
tion equilibria of the ionizable amino acids in the chain (gα),
and is given by
gel(rG) = grep(rG) + gchem(rG) + gα(rG)
= (nkT )−1
[∫ Z
0
e〈ψ〉(rG, z)dz − Ze〈ψ〉(rG, Z)
+kT
t∑
i=1
ni〈ln(1 − αi)〉(rG)
]
. (8)
Here, 〈. . . 〉 denotes the spatial average over the volume of the
sphere, Z is the net charge of the polypeptide, αi is the proto-
nation state of amino acids of type i, and ni is the number of
amino acids of type i.
After solving the PB equation (Eq. (A4) in the
Appendix) numerically (Figs. 5(a) and 5(b)), we computed
grep, gchem, and gα for a chain with the charge content of
CspTm (Eq. (8)). With decreasing radius of gyration (rG), gα
increases, i.e., the entropy of distributing protons to the differ-
ent charged groups decreases with increasing compaction of
the chain. Concomitant with compaction, electrostatic repul-
sion and the corresponding free energy, grep, increase, which
decreases the chemical free energy of the electrical double
layer (gchem) and counteracts the increase in gα . In total, gel in-
creases with decreasing radius of gyration of the chain, lead-
ing to a repulsive contribution to the potential of mean force
of the chain (Fig. 5(c)).
In order to estimate the effect of gel(rG) on the dimen-
sions of unfolded CspTm, we follow the work of Alonso,
Stigter, and Dill,59 and add gel(rG) to the potential of mean
force of the chain as given by the theory of Sanchez,18 lead-
ing to a modification of Eq. (1):
Pel(rG, ε∗, RG) = Q−1r6G exp
{
− 7r
2
G
2R2G
+ n
[
1
2
ε∗φ
−1 − φ
φ
ln(1 − φ) − gel(rG)
]}
. (9)
In contrast to Eq. (1), the mean-field interaction free energy
(ε*) in Eq. (9) does not include contributions from electro-
statics. As with polyampholyte theory, we calculate the RG
values of unfolded CspTm expected at pH 2.9 based on the
data at pH 7 by first determining ε* at pH 7 from the mean
transfer efficiencies by replacing P(rG, ε, RG) by Pel(rG, ε*,
RG) in Eq. (4). In a second step, we use ε* at pH 7 in combi-
nation with gel at pH 2.9 to predict the mean radius of gyration
(RG) at pH 2.9 using Eq. (5). Similar to polyampholyte the-
ory, the ion-cloud model predicts an expansion of the chain on
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lowering the pH to 2.9 (Figs. 4(c) and 4(d)), but to a smaller
extent than polyampholyte theory. As for polyampholyte the-
ory, the prediction of the ion-cloud model is close to the ex-
perimentally determined radii of gyration at high concentra-
tions of GdmCl, i.e., high ionic strength (Fig. 4(d)), but the de-
viation increases for lower ionic strength (Figs. 4(c) and 4(d)).
When neglecting the effect of counterions and proton binding,
and considering only charge repulsion (grep), an even more
expanded chain would be predicted by the ion-cloud model
at low ionic strength (Fig. 4(c)), suggesting that the effects of
counterion accumulation near the potential iso-surface of the
porous sphere and proton binding seem to be essential for the
better agreement of the ion-cloud model with the experimen-
tal data. However, the ion-cloud model is also not able to fully
predict the dimensions of unfolded CspTm at low pH, indica-
tive of additional short-range intra-chain interactions, such as
H-bonds or contributions from the hydrophobic effect, present
at pH 2.9 and contributing to ε*. Correspondingly, whereas
the difference between the uncorrected mean interaction en-
ergies at pH 2.9 and pH 7, 	ε = εpH2.9 – εpH7.0, is small at all
concentrations of GdmCl and urea (Fig. 6(a)), the difference
in the mean-field interaction energy for the corresponding un-
charged chain, 	ε∗, increases significantly with decreasing
denaturant concentrations, i.e., increasing compactness of the
chain. In the absence of denaturants, the intra-chain interac-
tion energies per amino acid are by 	ε0∗ = 1.4 ± 0.2 kT
higher at pH 2.9 than at pH 7.0 (Fig. 6(b) and Table II).
Once the electrostatic contribution to the free energy
of unfolded CspTm is accounted for approximatively with
the ion-cloud model, the binding of denaturant to the chain
at both pH-values can be revisited (Figs. 6(c) and 6(d)).
Surprisingly, when describing ε∗ instead of ε with our de-
naturant binding model (Eq. (7)), substantially increased
apparent binding constants for both denaturants are found,
FIG. 6. Differences in the mean-field interaction energies at pH 2.9 and pH
7 for the charged chain, 	ε, (a) and the uncharged chain, 	ε*, (b), and fits
(solid lines) of the mean-field interaction free energies (ε*) with the shared
binding-site model (Eq. (7)) at pH 7 (c) and pH 2.9 (d).
TABLE II. Binding parameters obtained from the fit of ε∗ with the shared
binding site model (Eq. (7)).
pH ε0* (kT) mu mg mug Ku (M−1) Kg (M−1)
7 1.9 ± 0.1 45 ± 34 16 ± 5 36 ± 2 0.14 ± 0.10 1.0 ± 0.3
2.9 3.3 ± 0.2 15 ± 11 10 ± 3 45 ± 1 0.7 ± 0.5 4.0 ± 1.5
together with a shift towards more shared binding sites
(Table II). This result suggests that with the increased chain-
chain interactions inferred from 	ε∗ (Fig. 6(b)), also chain-
denaturant interactions increase at low pH, indicating that
chain-chain and chain-denaturant interactions are closely re-
lated. If only chain-chain interactions were increased at low
pH, the mean-field interaction free energy in water (ε0∗)
would be higher at pH 2.9 than at pH 7, but the denatu-
rant binding parameters would remain unchanged. In con-
trast, if only the interaction of denaturant molecules with the
polypeptide chain were increased on lowering the pH, the de-
naturant binding parameters would change, but ε0∗ would re-
main unchanged. Instead, we find that both quantities, chain-
chain and chain-denaturant interactions, increase on lowering
the pH from 7 to 2.9, suggesting that chain-chain and chain-
denaturant interactions are of similar type.
DISCUSSION
We used single-molecule fluorescence spectroscopy in
combination with the coil-to-globule transition theory devel-
oped by Sanchez18 to extract the radii of gyration and the
mean-field interaction free energies for unfolded CspTm in
urea, GdmCl, and mixtures of both denaturants at two differ-
ent pH-values. Our most surprising observation is the lack of
expansion of the unfolded protein when transferred from pH
7 to pH 2.9, even though the higher net charge of unfolded
CspTm at pH 2.9 (+10.2) will strongly increase charge re-
pulsion within the chain4, 9, 14, 53 (Fig. 2): unfolded CspTm at
pH 2.9 exhibits RG values surprisingly close to those found
at pH 7. Two types of theories,30, 32, 33 a polyampholyte the-
ory and an ion-cloud model, both of which have previously
been used successfully to describe electrostatic interactions
in unfolded proteins,4, 33, 59 fail to correctly predict the dimen-
sions of unfolded CspTm at low pH and indicate the pres-
ence of additional intra-chain interactions at pH 2.9. The only
chemical difference between unfolded CspTm at pH 2.9 and
pH 7 is the protonation of 12 acidic groups (8 Glu, 3 Asp,
C-terminus). Hence, two possible candidates for additional
attractive interactions are (1) an increased number of intra-
chain H-bonds due to the protonated carboxy groups of Glu
and Asp and (2) an increased hydrophobic effect, driven by
the more hydrophobic side chains of protonated Glu and Asp
compared to the unprotonated residues. Indeed, in hydropho-
bicity scales based on reversed-phase HPLC, Glu, and Asp
have been found to be significantly more hydrophobic at pH
2 than at neutral pH.61 Both types of interactions, H-bonds
and the hydrophobic effect, are short-range interactions, and
are expected to become more important with increasing com-
paction of the chain, in accord with our observation that the
largest discrepancy in ε* between pH 7 and pH 2.9 is observed
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at low concentrations of both denaturants, were the chains are
most compact.
Another surprising observation of our analysis are the
stronger effective interactions between the denaturants and
the polypeptide chain found at pH 2.9 compared to pH 7.0.
Again, the protonation of acidic side chains and the result-
ing increase in hydrophobicity might be responsible for this
effect. The shift towards more binding sites shared by urea
and GdmCl (Figs. 6(c) and 6(d), and Table II) indicates an
increased role of interaction types that are common to urea
and GdmCl, supporting the importance of dispersion (van-
der-Waals) interactions and the hydrophobic effect. Both de-
naturants have been found to interact strongly with hydropho-
bic surfaces45 and amino acids,43 leading to a dewetting of
non-polar surfaces, and suggesting that weakening the hy-
drophobic effect is one major driving force for denaturant-
protein interactions.46 In agreement with the preferential in-
teraction with hydrophobic surfaces, urea has also been found
to exhibit a moderate tendency to self-associate.42 Recent
molecular dynamics simulations of protein L and lysozyme
in mixtures of urea and GdmCl even suggest that this self-
aggregation tendency might cause a collapse of unfolded
proteins.36 As the driving force for this collapse, a replace-
ment of urea by guanidinium ions at the polypeptide chain
surface has been suggested that results in an enhanced lo-
cal crowding effect.36 Such coil-to-globule transitions in mix-
tures of immiscible solvents have been predicted to occur
close to the critical demixing point of the two solvents.62 Ex-
perimentally, however, we do not observe this effect for un-
folded CspTm (Fig. 2), indicating that the critical demixing
point for GdmCl and urea is not close to our experimental
conditions.
In summary, we arrive at an unexpected, and at a first
glance counterintuitive conclusion. The increased net charge
of unfolded CspTm at low pH does not lead to the expansion
of the chain expected from the increased electrostatic repul-
sion. Instead, a more complex interplay of electrostatic inter-
actions, chemical free energy of counter ion binding, proton
binding entropy, denaturant binding, and the hydrophobic ef-
fect appears to be involved, leading to a more compact chain
at pH 2.9 than at pH 7. Both theoretical approaches we em-
ployed to describe the data imply the presence of such addi-
tional interactions. However, both theories neglect important
aspects of the physics of charge interactions in polymers,
and a comprehensive description might have to include con-
currently the explicit repulsive and attractive interactions
of polyampholyte theory,30 the effects of protonation en-
tropy and counter ion condensation of the ion-cloud model
used here,32, 33 ideally with retained chain connectivity56
and allowing for a spatial redistribution of charged and
uncharged residues, and possibly even correlations be-
tween counterions condensed on the chain, which has been
shown to generate additional attractions in highly charged
polyelectrolytes.63 A combination of further developments
in theoretical concepts and, in particular, molecular simula-
tions of unfolded proteins will be important for obtaining a
more detailed understanding of the underlying balance be-
tween charge-charge interactions and hydrophobic hydration
effects.
MATERIALS AND METHODS
Single-molecule measurements were performed at 22 ◦C
using a Micro Time 200 confocal microscope equipped with
a HydraHarp 400 counting module (Picoquant, Berlin,
Germany). The donor dye was excited with linear polarized
light at 483 nm coming from a diode laser (LDH-D-C-485,
PicoQuant) at an average power of 100 μW. Single-molecule
FRET efficiency histograms were acquired in samples with
a protein concentration of about 20–50 pM, at a repetition
rate of 64 MHz; photon counts were recorded with a resolu-
tion of 8 ps by the counting electronics (time resolution was
thus limited by the timing jitter of the detectors). The pho-
tons were distributed according to their polarization relative
to the polarization of the excitation light using a polarizing
beam splitter cube. Subsequently, both components were fur-
ther subdivided into donor and acceptor photons by a dichroic
mirror (585DCXR, Chroma). Subpopulation-specific steady-
state anisotropies were determined essentially as described
by Sisamakis et al.,64 with corrections obtained as described
by Koshioka et al.65 Fluorescence lifetimes were obtained
by fitting the tail of the TCSPC histograms using a single-
exponential decay. TCSPC histograms were constructed ex-
clusively from photons originating from doubly-labeled un-
folded CspTm molecules. The measurements were performed
in 20 mM sodium phosphate buffer at pH 7.0 (ionic strength
I = 35 mM) or pH 2.9 (adjusted to I = 35 mM with NaCl),
100 mM β-mercaptoethanol (Sigma), and 0.001% Tween 20
(Pierce) with varying concentrations of GdmCl (Pierce) or
urea. The exact denaturant concentrations were determined by
the refractive index of the solutions. The change in the Förster
distance (R0) due to changes in the refractive index was taken
into account in the calculation of the mean radius of gyration
with Eqs. (4) and (5).
For electrostatics calculations, we used the total amount
of ionizable groups in CspTm, including the charges of the
termini. The charge-state of the dyes was taken into account.
Alexa Fluor 488 and Alexa Fluor 594 contain two sulfonic
acid groups, for which we assumed the pK-value of benzene-
sulfonic acid (pK = −2.5), one carboxylic group for which
we assumed the pK-value of benzoic acid (pK = 4.2), and
one delocalized positive charge which we assumed not to be
titratable in the pH range used here. For the calculation of the
electrostatic free energy with the ion-cloud model, the poten-
tials at ionic strengths greater than 1 M were approximated
by the potential at 1 M, since very high ionic strength leads to
numerical problems in solving the PB equation. Importantly,
since charge effects are already negligible at 1 M salt in the
mean-field PB framework, this approximation has no effect
on the values of the mean-field interaction energies obtained
from Eq. (9).
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APPENDIX: THEORY
Polyampholyte theory
Charge screening is treated by the Debye-Hückel theory,
with the Debye length κ−1w = (8πlBI )−1/2, where I is the ionic
strength, and lB = e2/(4πε0εrkT) is the Bjerrum length with
the elementary charge e, the permittivity of vacuum ε0, and
the dielectric constant εr. For a chain in good solvent, the
electrostatic interactions act as an additional contribution to
the effective excluded volume parameter of the monomer, ω∗,
leading to
α5 − α3 = 4
3
(
3
2π
)3/2
N
1/2
bondsω
∗ with α = RG
RG
, (A1)
and
ω∗ = ω + 4πlB(f − g)
2
b3κ
2
w
− πl
2
B(f + g)2
b3κw
. (A2)
Here, Eq. (A1) is the Flory result for a chain in good sol-
vent, which relates the expansion factor of the chain (α) to
an effective excluded volume parameter (ω∗), which is re-
lated to the intra-chain interaction energy. In Eq. (A2), f is the
probability of occurrence of a positive charge (f = n+/Nbonds),
g is the probability of occurrence of a negative charge (g
= n
-
/Nbonds) when neglecting unity compared to Nbonds = 75,
and the segment length of a monomer at the -state (b) is
given by the prefactor in Eq. (2) for ν = 12 , which yields b= (0.22 nm) 61/2 = 0.54 nm. Equation (A1) has only one free
parameter, the excluded volume parameter ω. For a fit of the
experimental data, we followed our previous approach4 and
combined Eq. (A1) and (A2) with an empirical denaturant
binding model
RG = N1/2bondsαb3
(
1 + γi Kici1 + Kici
)
/
√
6. (A3)
Here, Ki is the denaturant binding constant for denaturant i
and γ i is an adjustable parameter that describes the amplitude
of the denaturant-induced expansion.
Ion-cloud model
A detailed description of a similar ion-cloud model can
be found in Ref. 33. Briefly, in the ion-cloud model adapted
from Alonso, Stigter, and Dill,33 the electrostatic potential
for a given distribution of charges is given by the Poisson-
Boltzmann equation:
∇2ψ = λκ2sphere sinh
(
eψ
kT
)
− ρel
ε0εsphere
≈ κ2sphereψ −
ρel
ε0εsphere
for 0 < r < rG. (A4)
with λ = kT/e. Here, r is the distance from the center of
the sphere with the radius of gyration rG. In the ion-cloud
model, only the radial component of the Laplace operator
(∇2 = r−2∂(r2∂/∂r)/∂r) is required, since we assume a spher-
ically symmetric arrangement of the charges inside the vol-
ume of the chain. In Eq. (A4), κ−1sphere is the Debye screen-
ing length inside the porous sphere, and ρel is the charge
density inside the sphere. The right-hand side of Eq. (A4)
is the Debye-Hückel approximation (linearized PB equation),
which is a good approximation for small potentials, i.e., at low
net charges and higher ionic strengths. We used this approxi-
mation for all calculations but also checked its validity at low
ionic strength by using the exact PB equation. The charge dis-
tribution in our ion-cloud model is uniform within the volume
of gyration explored by the chain
ρel(r) = e
VG
t∑
i=1
qiniαi(r). (A5)
For the t different types of ionizable groups, qi = +1 for basic
and qi = −1 for acidic groups, αi is the degree of ionization,
ni is the number of ionizable groups of type i, VG = 3πr3G/4
is the volume of gyration. The degree of ionization, αi, of
ionizable group i is given by
qi log
(
αi(r)
1 − αi(r)
)
= −(pH + pKi) − 0.434eψ(r)
kT
,
(A6)
where the value of 0.434 is the decadic logarithm of Eulers
number. Here, the pKi values are those of the free amino acids.
The porous-sphere model of Stigter and Dill33 also accounts
for the change in the dielectric constant on compaction of the
chain according to
εsphere = (1 − φ)εw + φεp for r<rG, (A7)
where the dielectric constant of the protein interior is assumed
to be εp = 3.5.66 Assuming an average number of salt ions,
(1 – φ)ns, inside the sphere, with ns being the concentration
(number density) of salt ions of type s in free solution, the
Debye length inside the sphere, κsphere−1, is given by
κ2sphere =
(1 − φ)εw
(1 − φ)εw + φεp κ
2
w. (A8)
Here, κ−1w is the Debye screening length in water as described
in the main text. As a boundary condition, the potential ψ
must be continuously differentiable at rG, i.e., the gradient at
r = rG on the outside of the sphere must be equal to the gradi-
ent at r = rG on the inside of the sphere. In addition, symmetry
requires that dψ /dr = 0 for r = 0 if we assume that no point
charge is at the center of the sphere:33(
dψ
dr
)
rG
= −1 + κwrG
rG
ψ(rG) r = r+G, (A9)
(
dψ
dr
)
rG
= −εw(1 + κwrG)
εsphererG
ψ(rG) r = r−G,
(A10)
dψ
dr
= 0 r = 0. (A11)
In Eq. (A9) and (A10), rG+ and rG− indicate the inside and
the outside of the sphere at the position rG. Equation (A4) is
numerically solved to obtain the general solution ψ ′(r), which
we normalized such that ψ → 0 for r → ∞, which gives
ψ(r) =
{
ψ ′(r) − A2 r ≤ rG
ψoutside(r) r > rG
. (A12)
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The potential outside the sphere is given by
ψoutside(r) = A1ψ ′(rG)rG exp[−κw(r − rG)]
r
, (A13)
where
A1 =− rG(dψ
′/dr)rG
(1 + κwrG)ψ ′(rG) and A2 =ψ
′(rG) + rG(dψ
′/dr)rG
1 + κwrG
(A14)
are constants that result from the boundary conditions men-
tioned in the main text.
In the Debye-Hückel approximation, grep and gchem are
linearly related32, 33 according to
gchem(rG) = −2grep(rG), (A15)
and the electrostatic free energy simplifies to
gel(rG) = gα(rG) − grep(rG). (A16)
Equations (A15) and (A16) imply that the electrostatic free
energy gel is always dominated by the chemical free energy
of the electrical double layer (gchem), and by the entropy of
distributing protons on the ionizable groups (gα). The explict
expressions for grep, gchem, and gα are
grep(rG)= (nkT )−1
∫ Z
0
e〈ψ〉(rG)dz
= (nkT )−1
t∑
i=1
qini
VG
∫ rG
0
4πr2
αi(r)eψ(r)
2
dr, (A17)
gchem(rG) = −Ze〈ψ〉(rG)/nkT
= (nkT )−1 −Ze
VG
∫ rG
0
4πr2ψ(r)dr, (A18)
gα(rG) = n−1
t∑
i=1
ni〈ln(1 − αi)〉
= n−1
t∑
i=1
ni
VG
∫ rG
0
4πr2 ln(1 − αi(r))dr. (A19)
The net charge of the chain (Z) is given by
Z(rG) =
t∑
i=1
qini
VG
∫ rG
0
4πr2αi(r)dr. (A20)
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